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Abstract. The Steinhaus-Weil theorem that concerns us here is the simple,
or classical, interior-pointsproperty that in a Polish topological group a
non-negligible set B has the identity as an interior point of B 1B: There are
various converses; the one that mainly concerns us is due to Simmons and
Mospan. Here the group is locally compact, so we have a Haar reference mea-
sure . The Simmons-Mospan theorem states that a (regular Borel) measure
has such a Steinhaus-Weil property if and only if it is absolutely continuous
with respect to the Haar measure. This the rst of four companion papers
(we refer to the others as II [BinO11], III, [BinO12], and IV, [BinO13], below).
Here (Propositions 1-7 and Theorems 1-4) we exploit the connection between
the interior-points property and a selective form of innitesimal invariance
a¤orded by a certain family of selective reference measures , drawing on
Soleckis amenability at 1 (and using Fullers notion of subcontinuity).
In II, we turn to a converse of the Steinhaus-Weil theorem, the Simmons-
Mospan theorem, and related results. In III, we discuss Weil topologies,
linking the topological group-theoretic and measure-theoretic aspects. We
close in IV with some other interior-point results related to the Steinhaus-
Weil theorem.
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Introduction. We begin by stating the Steinhaus-Weil Theorem in its
simplest form (Steinhaus [Ste] for the line, Weil [Wei, §11, p. 50] for a Polish
locally compact group, Grosse-Erdmann [GroE]):
Theorem SW. In a locally compact Polish group G with (left) Haar measure
G, for non-null Borel B, B
 1B (and likewise BB 1) contains a neighbour-
hood of the identity.
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The context we work in here and throughout, unless otherwise stated,
is that groups and spaces are assumed separable. This both simplies the
exposition and emphasizes that we need only the axiom of Dependent Choices
(DC what is needed to make induction work), rather than the Axiom of
Choice (AC); cf. [BinO8]. For comments concerning non-separable settings,
see the arXiv version [BinO10, §8.1].
The interior-point property of the measure-theoretically non-negligible
set B of the theorem is referred to as the Steinhaus-Weil property, which
encompasses the category variant due to Piccard [Pic] and Pettis [Pet], cf.
Cor. 20 and Th. 1B of [BinO12] (by reference, when appropriate, to the quasi-
interior of a set the largest open set equivalent to it modulo a meagre set).
This important result has many ramications; for example, it is basic to the
theory of regular variation see e.g. [BinGT, Th. 1.1.1].
The results below hinge on work of Solecki [Sol2] on amenability at 1 and
on an amendment of Fullers concept of subcontinuity (see §2 and below).
These are aimed at freeing up the classical dependency on local compactness
and the corresponding standard (Haar) reference measure. To the best of our
knowledge such aims, in respect of topological groups, were last undertaken
by Xia in 1972 in Chapter 3 of [Xia], where the emphasis is on (relative)
quasi-invariance (cf. [BinO10, §7.2]), a topic we pursued in the related paper
[BinO9] (cf. [Bog1, p.64]) with tools developed here.
For G a topological group with (admissible) metric d (briey: metric
group), denote by M(G) the family of regular -nite Borel measures on
G; with P(G)  M(G) the probability measures ([Kec, §17E], [Par]), by
Pn(G) the larger family of nitely-additive regular probability measures (cf.
[Bin], [Myc]), and byMsub(G) submeasures (monotone, nitely subadditive
set functions  with (;) = 0). Here regular is taken to imply both inner
regularity (inner approximation by compact subsets, also called the Radon
property, as in [Bog2, II §7.1] and [Sch]), and outer regularity (outer ap-
proximation by open sets). We recall that a -nite Borel measure on a
metric space is necessarily outer regular ([Bog2, II. Th. 7.1.7], [Kal, Lemma
1.34], cf. [Par, Th. II.1.2] albeit for a probability measure) and, when the
metric space is complete, inner regular ([Bog2, II. Th. 7.1.7], cf. [Par, Ths.
II.3.1 and 3.2]). When G is locally compact we denote Haar measure by G
or just  (H denoting capital eta in Greek). For X metric, we denote by
K = K(X) the family of compact subsets of X (the hyperspace of X in §1,
where we view it as a topological space under the Hausdor¤ metric, or the
Vietoris topology). For  2M(G) we write g() := (g) and g() := (g);
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M() denotes the -measurable sets of G andM+() those of nite positive
measure, and K+() := K(G) \M+(). For G a Polish group, recall that
E  G is universally measurable (E 2 U(G)) if E is measurable with respect
to every measure  2 P(G) for background, see e.g. [Kec, §21D], cf. [Fre,
434D, 432], [Sho]; these form a -algebra. Examples are analytic subsets (see
e.g. [Rog, Part 1 §2.9], or [Kec, Th. 21.10], [Fre, 434Dc]) and the -algebra
that they generate. Beyond these are the provably 12 sets of [FenN] cf.
[BinO8].
Recall that E is left Haar null, E 2 HN , as in Solecki [Sol1,2,3] (following
[Chr1,2]) if there are B 2 U(G) covering E and  2 P(G) with
(gB) = 0 (g 2 G):
(The terminal brackets here and below indicate universal quantication over
the free variable.) So if B 2 U(G) is not left Haar null, then for each
 2 P(G) there is compact K = K  B and g 2 G with
g(K) > 0:
The question then arises whether there is also  > 0 with g(Kt) > 0
for all t 2 B; for B = B(1G) the open -ball centered at 1G : a right-
sided property complementing the earlier left-sided property (of nullity, or
otherwise). If this is the case for some ; then (see Corollary 20 in §2)
1G 2 int(K 1K)  int(E 1E); indeed, one has
K \Kt 2M+(g) (t 2 B); (M)
(M for measure, cf B below , B for Baire), which implies (Lemma 1, §2):
B  int(K 1K)  int(E 1E);
cf. [Kem], [Kuc, Lemma 3.7.2], [BinO1, Th. K], [BinO6, Th. 1(iv)]. As
this clearly forces local-compactness of G (see Lemma 1 below), for the more
general context we weaken the complementing right-sided propertyto hold
only selectively: on a subset (cf. B () in §2) of B of the form
fz 2 B : j(Kz)  (K)j < "g:
We are guided by the close relation between the measure-theoretic Steinhaus-
Weil-like property (*M) and its category version
K \Kt 2 B+(); (B)
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where the latter term B+() refers to non-meagre Baire sets (= with the Baire
property) of  , a renement of the ambient topology TG = Td of G; the latter
conveniently taken to be generated by a left-invariant metric d = dGL with
associated group-norm (§5), or pre-normas in [ArhT], jjxjj := d(x; 1G) =
d(tx; t) (so that B(t) = tB see Prop. 1). We refer to the (left) invariance
of B+() (under translation) as the (left) Nikodym property of  :
Here in Part I, in the context of a metric or Polish group G; we study
continuity properties of the maps mK : t 7! (Kt) in the light of theorems
of Solecki [Sol2] and of converses to Theorem SW above (see Theorem SM in
Part II) and related results. The key here is Fullers notion of subcontinuity,
as applied to the function mK(t) at t = 1G. This yields a fruitful interpreta-
tion of Soleckis notion of amenability at 1G via selective subcontinuity and
linkage to shift-compactness (see Th. 3 below; the term is borrowed from
[Par, III.2]). Since commutative Polish groups are amenable at 1 [Sol2, Th.
1(ii)], this widens the eld of applicability of shift-compactness to non-Haar-
null subsets of these, as in [BinO5], and leads to a conjecture (see remarks
preceding Theorem 3) as to whether HN comprises the negligible sets of
some renement topology of Td.
We frequently refer for background to the extended commentaries and
associated extensive bibliography of [BinO10], the unied arXiv version of
this four-part series.
1. Measure under translation preliminaries. We begin with a
form of the telescopeor tubelemma (cf. [Mun, Lemma 5.8]), applied in
§2. Our usage of upper semicontinuity in relation to set-valued maps follows
[Rog], cf. [Bord].
Proposition 1 (cf. [Hey, 1.2.8]). For a metric group G and compact K  G;
the map t 7! Kt is upper semicontinuous; in particular, for  2M(G),
mK : t 7! (Kt)
is upper semicontinuous, hence -measurable. In particular, if mK(t) = 0,
then m is continuous at t.
Proof. ForK compact and V  K open, pick for each k 2 K a (k) > 0 with
kB2(k)  V: By compactness, there are k1; :::; kn with K 
S
j kjB(kk)  V ;
then for  := minj r(kj) > 0
Kt 
[
j
kjB(kk)t 
[
j
kjB2(kk)  V (jjtjj < ):
4
To prove upper semicontinuity of mK ; x t 2 G: For " > 0, as Kt is
compact, choose by outer regularity an open U  Kt with (U) < (Kt)+";
as before, there is an open ball B at 1G withKtB  U , and then (KtB) 
(U) < (Kt) + ": The nal assertion follows from positivity of mK : 
We continue with an analogue. The result is folklore, cf. [BeeV, Th.
3.2(i)]; it comes close to matters touched on in [Ost, §3]. Here and below the
vertical section of a set A is denoted Ax := fy : (x; y) 2 Ag:
Proposition 2 (Sectional upper semicontinuity). For a metric group
G; compact F  G and compact K  G2, the map
x 7! Kx (x 2 F )
is upper semicontinuous.
Proof. For V  G open with Kx  V; suppose for xn 2 F with xn ! x that
(xn; yn) 2 Kn(G  V ): By compactness of K; we may suppose w.l.o.g. that
yn ! y: Then (x; y) 2 Kn(G V ); and so (x; y) 2 fxg Kx and y =2 V ; but
y 2 Kx  V; a contradiction. 
From Prop. 2 on upper semicontinuity, we obtain information about
mK : t 7! (Kt) below. This links with lower semicontinuity. By a theorem
of Fort, the "-continuity points (dened in terms of the Hausdor¤ metric:
see [For]) of an upper semicontinuous compact-valued mapping of a metric
space into a totally bounded metric space form a dense open set, implying in
a real-valued context such as here continuity on a co-meagre set. We return
to this shortly in Theorem LB below.
Proposition 3 (Sectional upper semicontinuity under a measure).
For a metric group G, compact F  G and compact K  G2, and  2
M(G), the map
m : x 7! (Kx) (x 2 F = proj1K)
is upper semicontinuous, and so Borel.
Proof. Fix x 2 F: Let " > 0: By outer regularity, take V open in G with
Kx  V and (V ) < (Kx) + ": By Prop. 2 x 7! fxg  Kx is upper
semicontinuous on F ; so for some open neighbourhood U of x[
y2U\F
fyg Ky = K \ (U G)  K \ (U  V ):
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So, for y 2 F \ U; (Ky)  (V ) < (Kx) + "; proving the rst assertion.
The second assertion follows since
m 1(a; b) =
\
n2N
m 1[0; b)nm 1[0; a+ 1=n): 
For further results on Borel-measurability of regular Borel measures see
[BeeV, Th. 2.2] (there termed Radon measures).
We will need the following result in [BinO12,13] (see Lemma 2, §4, and
[BinO12, Th. 1, §2]), preferable to the usual Fubini Theorem as using qual-
itative rather than quantitative measure theory (like the Kuratowski-Ulam
Theorem [FreNR]). Interestingly, it may be proved by mimicking the proof
of Prop. 1 above, yielding a simplication to that by Eric van Dowen [vDo],
itself a simplication of that in [Oxt2, Ch. 14]: for the proof (omitted here),
see [BinO10, §8.12].
Theorem FN (Fubini theorem for null sets). For a metric group G and
A  G2 measurable under  , with ;  2 M(G): if the exceptional set
of points x for which the vertical section Ax is -non-null is itself -null,
then A is  -null.
We close this section with a study of the continuity properties of the map
mK : t 7! (Kt) for compact K; extending Prop. 3.
Corollary 1 (Fort [For]). In Proposition 2, t 7! (Kt) is lower semi-
continuous (so also continuous) on a co-meagre set.
We can improve on the preceding result by recourse to a natural gener-
alization, for our compact sectional context, of the classical continuity the-
orems of Luzin [Hal, §55] and Baire [Oxt2, Th. 8.1] see also [Sch, Ch. 1,
§5] and [Bog2, Th. 2.2,10, Th. 7.1.13]. Below for a compact metric space
X, recall that K(X) the hyperspace of X; the space of compact subsets of
X; is equipped with the Hausdor¤ metric, or Vietoris topology; here this is
also a compact space ([Eng, 2.7.28], [Kec, Th. 4.25], [Mic]). Then (LB for
Luzin-Baire):
Theorem LB. For G a metric group and compact K  G2, the map  :
G! K(G) : x 7! Kx is Borel-measurable, and so
(i)  is continuous relative to a co-meagre set.
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For  2 P(G):
(ii) for each " > 0 there is a Borel set S" with (GnS") < " such that x 7! Kx
is continuous on S"; equivalently:
(ii)0 there is an increasing sequence of Borel sets Sn with union -almost all
of G such that x 7! Kx is continuous on each Sn:
Proof. See the arXiv version [BinO10, Th. LB], based on [Zak]. 
A rst corollary is the following result on the continuity of the map
x 7! jjxjjE = (xE4E);
for measurable E; by compact approximation (cf. Part III). Below, the sets
Cx associated with points x should be interpreted as neighbourhoods of x in
the spirit of a Hashimoto ideal topology for the ideal of -null sets, for which
see [LukMZ], or [BinO6]. This mimicks Weils proof of the fragmentation
lemma([BinO12, Part III, §1 Lemma 2]) in [Hal, Ch. XII §62 Th. A] (cf.
[Wei, Ch. VII, §31]).
Proposition 4 (Almost everywhere continuity). For a metric group G,
 > 0,  2 P(G); E 2M+(); and F 2 K+():
there is a compact C  F with (FnC) <  such that for any " > 0 and
each x 2 C there is a -non-null measurable Cx  C containing x with
j(xE4E)  (yE4E)j < " (y 2 Cx):
In particular, there is an increasing family of compact sets Cn with union
-almost all of G satisfying the above with Cn for C.
Proof. See [BinO10, Prop. 4]. 
A proof similar to but simpler than that above (omitted here  see
[BinO10, §8.13]) improves Prop. 1:
Proposition 5 (Almost everywhere upper semicontinuity). For a
metric group G,  > 0,  2 P(G); E 2M+(); and F 2 K+():
there is a compact C  F with (FnC) <  such that for any " > 0 each
x 2 C has a neighbourhood Ux with
(yE) < (xE) + " (y 2 C \ Ux):
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In particular, there are disjoint compact sets C with union -almost all of
G for which this holds.
2. Subcontinuity of measures. Proposition 1 above, on upper semi-
continuity, motivates the following denitions, the key one being an adapta-
tion of subcontinuity (of functions) due to Fuller [Ful] (for which see Remark
4 below) to the context of measures. We focus on the right-sided version
of the concept. Subcontinuity is a natural auxiliary in the quest for fuller
forms of continuity: as one instance, see [Bou] for the step from separate to
joint continuity; as another (classic) instance, note that a subcontinuous set-
valued map with closed graph (yet another relative of upper semicontinuity)
is continuous see [HolN] for an extensive bibliography. Here its relevance
to the Steinhaus-Weil Theorem (which seems to be new here) yields Theo-
rems 1 and 3, linking amenability at 1 with shift-compactness, for which see
Theorem 3 below (the latter term is borrowed from [Par, III.2]). Thus sub-
continuity passes between local compactness and the pathology of invariance
associated with non-local compactness: see [Oxt1] and [DieS, Ch. 10].
Denition ([BinO6]). For  2 Pn(G), and (compact) K 2 K(G); noting
that (K) := inff(Kt) : t 2 Bg is weakly decreasing in , put
 (K) := sup
>0
inff(Kt) : t 2 Bg;
and, for t = ftng a null sequence, i.e. with tn ! 1G;
t (K) := lim infn!1 (Ktn):
Then
0   (K)  (K) = inf
>0
supf(Kt) : t 2 Bg;
by Proposition 1. We say that a null sequence t is non-trivial if tn 6= 1G
innitely often. Dene as follows:
(i)  is translation-continuous (continuousor mobile) if (K) =  (K)
(K 2 K(G));
(ii)  is maximally discontinuous at K 2 K(G) if 0 =  (K) < (K);
(iii)  is subcontinuous if 0 <  (K)  (K) (K 2 K+());
(iv)  is (selectively) subcontinuous at K 2 K+() along t if t (K) > 0.
Remarks. 1. mK(:) is continuous if  is continuous, since mK(st) = mKs(t)
and Ks is compact whenever K is compact; for directional continuity of
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measures in linear spaces see [Bog3, §3.1]. In [LiuR] (cf. [LiuRW], [Gow1,2])
a Radon measure  on a spaceX; on which a groupG acts homeomorphically,
is called mobile if t 7! (Kt) is continuous for all K 2 K(X):
2. For G locally compact (i) holds for  the left Haar measure G, and also
for  G (absolutely continuous w.r.t. to G).
3. A measure  singular w.r.t. Haar measure is maximally discontinuous
for its support: this is at the heart of the analysis o¤ered by Simmons (and
independently, much later by Mospan) see Corollary 20 below.
4. Subcontinuity, in the sense of [Ful], of a map f : G! (0;1) requires that,
for every tn ! t 2 G; there is a subsequence tm(n) with f(tm(n)) convergent in
the range (i.e. to a positive value). The distinguished role of null sequences
emerges below in the Subcontinuity Theorem (Theorem 1). Null sequences
should be viewed here as selecting stepwise (or even pathwise, under local
connectedness, as suggested by Tomasz Natkaniec) asymptotic directions
justifying the phrase along tin (iv) above, and allowing (iv) to be inter-
preted as a selective subcontinuity in directiont. The analogous selective
concept in a linear space is along a vectoras in [Bog3, §3.1].
5. Selective versus uniform subcontinuity. Denition (iii) is equivalent to de-
manding for K 2 K+() that any null sequence t = ftng have a subsequence
(Ktm(n)) bounded away from 0; then (iii) may be viewed as demanding uni-
form subcontinuity: selective subcontinuity along each t for all K 2 K+().
6. Left- versus right-sided versions. Writing ~(E) := (E 1) with E Borel
in G for the inverse measure captures versions associated with right-sided
translation such as ~_ and
~t (K) := lim infn!1 (tnK):
Denition. We will say that  is symmetric if  = ~; then B is null i¤B 1
is null for B a Borel set, or B 2 U(G).
In Lemma 1 below it su¢ ces for  to be a bounded, regular submeasure
which is supermodular:
(E [ F )  (E) + (F )  (E \ F ) (E;F 2 U(G));
recall, however, from [Bog2, 1.12.37] the opportunity to replace, for any
K 2 K(G); a supermodular submeasure  by a dominating 0 2 Mn(G);
i.e. with 0(K)  (K).
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For K 2 K+() and ; > 0; put
B = B
K;
 () := fz 2 B : (Kz) > g;
which is monotonic in  : B  B0 for 0 < 0  : Note that 1G 2 B
for 0 <  < (K):
The specialization below to a mobile measure (see above) may be found
in [Gow1,2].
Lemma 1 (cf. [BinO6, Th. 2.5]). Let  2 Pn(G) for G a metric group.
For K 2 K+(); if t (K) > 0 for some non-trivial null sequence t, then for
  t (K)=4 > 0 there is  > 0 with tn 2 B for all large enough n and
  (K \Kt) (t 2 B );
so that
K \Kt 2M+() (t 2 B ): ()
In particular,
K \Kt 6= ; (t 2 B );
or, equivalently,
B  K 1K; ()
so that B has compact closure.
A fortiori, if  (K) > 0, then ; > 0 may be chosen with  <  (K)
and B  B so that (*) and (**) hold with B replacing B ; and in par-
ticular G is locally compact.
Proof. For the rst part x a null sequence t and K 2 K+() with t (K) >
0; take any   t (K)=4 > 0; and, as above, write B for BK; : Then, for
(Kt) > 2  t (K)=2 and  > 0 arbitrary, t 2 B ; and so tn 2 B for all
large enough n (since also tn 2 B for all large enough n). So B (K)nf1Gg
is non-empty for t non-trivial.
Put Ht := K \Kt  K. By outer regularity of , choose U = U(; K)
open withK  U and (U) < (K)+: By upper semicontinuity of t 7! Kt,
we may now x  = (; K) > 0 so that KB  U: For t 2 B ; by nite
additivity of ; since 2 < (Kt)
2 + (K)  (Ht)  (Kt) + (K)  (Ht) = (Kt [K)
 (U)  (K) + :
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Comparing the ends gives
0 <   (Ht) (t 2 B ):
For t 2 B ; as K \ Kt 2 M+(), take s 2 K \ Kt 6= ;; then s = kt
for some k 2 K; so t = k 1s 2 K 1K: Conversely, t 2 B  K 1K yields
t = k 1k0 for some k; k0 2 K; then k0 = kt 2 K \Kt.
By the compactness of K 1K; B has compact closure.
As for the nal assertions, if  (K) > 0; now take  :=  (K)=2: Then
inff(Kt) : t 2 Bg >  for all small enough  > 0; and so in particular
(Kt) >  for t 2 B; i.e. B  B : So the argument above applies for small
enough  > 0 with B in lieu of B , just as before. Here the compactness of
K 1K now implies local compactness of G itself. 
As an immediate and useful corollary, we have
Lemma 10. For  2 Pn(G); with G a metric group, any null sequence t
and any K 2 K(G) : if t (K) > 0, then there is m 2 N with
0 < t (K)=4 < (K \Ktn) (n > m): (0)
In particular,
tn 2 K 1K (n > m): (0)
Proof. Apply Lemma 1 to obtain ;  > 0; for t 2 B , (Kt) > ; so as
above tn 2 B for all large enough n: 
This permits a connection with left Haar null sets; recall that a group
G is amenable at 1 [Sol2] (see below for the origin of this term) if, given
 :=: fngn2N  P(G) with 1G 2 supp(n) (the support of n ), for n 2 N
there are  and n in P(G) with n  n satisfying:
n  (K)! (K) (K 2 K(G)):
In view of Theorem 1 below, we term  (or () if context requires) a
selective measure and to the measures n, if needed, as associated measures
(corresponding to the sequence fngn2N):
Solecki explains ([Sol2, end of §2]) the use of the term amenability at 1as
a localization (via the restriction that supports contain 1G) of a Reiter-like
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condition [Pat, Prop. 0.4] which characterizes amenability: for  2 P(G)
and " > 0; there is  2 P(G) with
j  (K)  (K)j < " (K 2 K(G)):
Lemma 1 and the next several results disaggregate Soleckis Interior-point
Theorem [Sol2, Th 1(ii)] (Corollary 2 below), shedding more light on it and
in particular connecting it to shift-compactness (Theorem 3 below). Indeed,
we see that interior-point theorem itself as an aggregation phenomenon.
Theorem 1 of Part II identies subgroups with a disaggregationtopology,
rening TG by using sets of the form BK; (), the measures  being provided
in our rst result:
Theorem 1 (Subcontinuity Theorem, after Solecki [Sol2, Th. 1(ii)]). For
G Polish and amenable at 1G and t a null sequence, there is  = (t) 2 P(G)
such that for each K 2 K+() there is a subsequence s = s(K) := ftm(n)g
with
limn (Ktm(n)) = (K) (n 2 N); so s_(K) > 0:
Proof. For t = ftng null, put n := 2n 1
P
mn 2
 mt 1m 2 P(G); then 1G 2
supp(n)  ft 1m : m > ng: By denition of amenability at 1G, in P(G) there
are  and n  n; with n  (K) ! (K) for all K 2 K(G): For n 2 N
choose mn  0 with
P
mn mn = 1 (n 2 N) and with n :=
P
mn mnt 1m :
Fix K 2 K+() and  with 0 <  < 1: As K is compact, n  (K) !
(K); then w.l.o.g.
n  (K) > (K) (n 2 N):
Then, for each n 2 N;
supf(Ktm) : m  ng 
X
mn
mn 
X
mn
mn(Ktm) > (K):
So for each n there is m = m()  n with
(Ktm) > (K):
Now choose m(n)  n inductively so that (Ktm(n)) > (1   2 n)(K);
then, by Proposition 1, limn (Ktm(n)) = (K) :  is subcontinuous along
s : = ftm(n)g on K: 
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Remark. The selection above of the subsequence s mirrors the role of
admissible directionswhich we encounter subsequently in Cameron-Martin
theory ([BinO13, §2] and [BinO10, §8.2]).
We are now able to deduce Soleckis interior-point theorem in a slightly
stronger form, which asserts that the sets B reconstruct the open sets of G
using the compact subsets of a non-negligible set, as follows. We recall that
K(X) denotes the family of compact subsets of X; below we use the notation
(; K) established in the proof of Lemma 1.
Theorem 2 (Aggregation Theorem). For G Polish and amenable at 1G;
if E 2 U(G) is not left Haar null then, setting
E^ :=
[
>0;g2G;t
fBgK;(gK;)((t)) : K 2 K(E); 0 < (t)(gK)=4   < (t)(gK)g;
1G 2 int(E^)  E^  E 1E:
In particular, for E open, 1G 2 int(E^):
Proof. Suppose otherwise; then, as in Lemma 1, for g 2 G; any null sequence
z; compact K  E with 0 < (z)(gK)=4   and  = (gK;),
BgK; ((z))  (gK) 1gK = K 1K  E 1E;
so that E^  E 1E. Next suppose there is for each n
tn 2 B1=nnE^:
Consider  = (t): As E is not left Haar null, there is g with (gE) > 0:
Choose compact K  gE with (K) > 0: Then with h := g 1 and H :=
hK  E; (K) = (gH) = s(gH) > 0 for some subsequence s = ftm(k)g.
So, again as above and as in Lemma 1, with  := (gH)=4 for some  =
(K;) > 0
BgH; ((t))  (gH) 1gH = H 1H  E 1E:
Choose n with n > 1=: Then tn 2 B for all m > n; so for innitely many k
tm(k) 2 BgH; ((t))  E^;
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a contradiction. As for the last assertion, for E open, D countable and dense,
G  Sd2D dE; so for any  2 P(G) (in particular for ) (dE) > 0 for some
d 2 D, and so E is not left Haar null. 
The immediate consequence is
Corollary 2 (Soleckis Interior-Point Theorem [Sol2, Th 1(ii)]). For
G Polish and amenable at 1G; if E 2 U(G) is not left Haar null, then
1G 2 int(E 1E).
Corollary 20. For G a Polish group, if E 2 U(G) is not left Haar null and
is in M+() for some subcontinuous  2 Pn(G), then for some  > 0
B  int(E 1E):
In particular, this inclusion holds for some  > 0 in a locally compact
group G, for any Baire non-meagre set E:
Proof. The rst assertion is immediate from Lemma 1. As for the second,
for a non-meagre Baire set E, if ~E is the quasi-interior andK  ~E is compact
with non-empty interior, then G(K) > 0: Since  is subcontinuous, there is
 > 0 with
Kt \K 6= ; (jjtjj < );
and so
~Et \ ~E 6= ; (jjtjj < );
then U := (Et)e\ ~E 6= ;; since (Et)e= ~Et (the Nikodym property of the usual
topology of G). So since U is open and non-meagre, also Et\E 6= ;, and so
again (**). 
The next result establishes the embeddability by (left-sided) translation
of an appropriate subsequence of a given null sequence into a given target
set that (like-sidedly) is non-left-Haar null. This property of embedding
into a non-negligible set, rst studied in respect of category and measure
negligibility on R by Kestelman and much later independently by Borwein
and Ditor and thereafter also by other authors, mostly for combinatorial
challenges, has emerged as an important general unifying principle, termed
shift-compactness. This is applicable in a much wider context embracing
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metric groups G under various topologies rening TG and so dening various
notions of negligibility; for the background here see [BinO2,3,7], [MilO]. Its
consequences include various uniform-boundedness theorems as well as the
E¤ros and the Open Mapping Theorems. Here we establish the said property,
announced in [MilO], in relation to the ideal HN of left Haar null sets. (It
is a -ideal for Polish G in the presence of amenability at 1 [Sol2, Th 1(i)].)
This leaves open the converse question(this is the conjectureof §1) of the
existence of a a renement topology for which HN is the associated notion
of negligibility; this seems plausible under the continuum hypothesis, CH, if
one restricts attention only to Borel sets in HN and their subsets by lifting a
result concerning R in [CieJ, Cor. 4.2] to G see also the Remark 1 following
our next result.
Theorem 3 (Shift-compactness Theorem for HN ). For G Polish and
amenable at 1G; if E 2 U(G) is not left Haar null and zn is null, then there
are s 2 E and an innite M  N with
fszm : m 2Mg  E:
Indeed, this holds for quasi all s 2 E; i.e. o¤ a left Haar null set.
Proof. Put tn := z 1n ; which is null. With  = (t) as in the Subcontinuity
Theorem, since E is not left Haar null, there is g with (gE) > 0: For
this g; put  := g: Fix a compact K0  E with (K0) > 0 and then,
passing to a subsequence of t as necessary (by Th. 1), we may assume
that t (K0) > 0: Choose inductively a sequence m(n) 2 N, and decreasing
compact sets Kn  K0  E with (Kn) > 0 such that
(Kn \Kntm(n)) > 0:
To check the inductive step, suppose Kn already dened. As (Kn) > 0;
by the Subcontinuity Theorem, there is a subsequence s = s(Kn) of t with
s (Kn) > 0: By Lemma 1
0; there is k(n) > n such that (Kn \Knsk(n)) >
0: Putting tm(n) = sk(n) and Kn+1 := Kn \ Kntm(n)  Kn completes the
inductive step.
By compactness, select s with
s 2
\
m2N
Km  Kn+1 = Kn \Kntm(n) (n 2 N);
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choosing kn 2 Kn  K with s = kntm(n) gives s 2 K0  E; and
szm(n) = st
 1
m(n) = kn 2 Kn  K0  E:
Finally take M := fm(n) : n 2 Ng:
As for the nal assertion, we follow the idea of the Generic Completeness
Principle [BinO1, Th. 3.4] (but with U(G) for Ba there): dene
F (H) :=
\
n2N
[
m>n
H \Htm (H 2 U(G));
then F : U(G) ! U(G) and F is monotone (F (S)  F (T ) for S  T );
moreover, s 2 F (H) i¤ s 2 H and szm 2 H for innitely many m. We
are to show that E0 := EnF (E) is left Haar null. Suppose otherwise. Then
renaming g and K0 as necessary, w.l.o.g. both (E0) > 0 and K0  E0
(and (K0) > 0): But then, as above, ; 6= F (K0) \ K0  F (E) \ E0; a
contradiction, since F (E) \ E0 = ;: 
Remarks. 1. In the setting of Th. 3 any non-empty open set U is not left
Haar null (as fdU : D 2 Dg with D countable dense covers G), hence neither
is UnH for H 2 HN . So the (Hashimoto ideal) topology generated by such
sets includes HN among its negligible sets.
2. Recently the special abelian case of Th. 3 has been independently estab-
lished by Banakh and Jab÷on´ska in [BanJ]. A similar result extends to the
Haar-meagre sets of Darji [Dar]; cf. [Jab]. See also [BinO10, §8.9].
Corollary 3. For G Polish and amenable at 1G and zn null, there is  2
P(G) such that for K 2 K+()
K \Kz 1m 2M+() for innitely many m 2 N;
i¤ for -quasi all s 2 K there is an innite M  N with
fszm : m 2Mg  K:
Proof. We will refer to the function F of the preceding proof. First proceed
as in the proof of Th. 3 above, taking tn := z 1n and g = 1G (so that  = ):
Fix K with (K) > 0: For the forward direction, continue as in the proof
of Th. 3 with K0 = K and observe that the proof above needs only that
sk(n) 2 K 1n Kn occurs innitely often whenever (Kn) > 0. This yields the
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desired conclusion that (KnF (K)) = 0: For the converse direction, suppose
that (F (K)) > 0: Since for each n 2 N
F (K) 
[
m>n
K \Ktm;
we have (K \Ktm) > 0 for some m > n; so
K \Ktm 2M+() for innitely many m: 
Remark. With E as in the Shift-compactness Theorem, if zn 2 B1=nnE 1E;
then zn is null; so, for some s 2 E; szm 2 E for innitely many m: Then, for
any such m;
zm 2 E 1E;
contradicting the choice of zm: So 1G 2 int(E 1E); i.e. E has the Steinhaus-
Weil property, as before.
The following sharpens a result due (for Lebesgue measure on R) to Mo-
span [Mos] by providing the converse below; it is antithetical to Lemma 1
(and so to Theorem 3).
Proposition 6 (Mospan property). For G a metric group,  2 Pn(G)
and compact K 2 K+() :
(i) if 1G =2 int(K 1K); then  (K) = 0; i.e.  is maximally discontinuous;
equivalently, there is a null sequence tn ! 1G with limn (Ktn) = 0;
(ii) conversely, if (K) >  (K) = 0; then there is a null sequence tn ! 1G
with limn (Ktn) = 0; and there is a compact C  K with (KnC) = 0 with
1G =2 int(C 1C):
Proof. The rst assertion follows from Lemma 1. For the converse, as
in [Mos]: suppose that (Ktn) = 0; for some sequence tn ! 1G: By pass-
ing to a subsequence, we may assume that (Ktn) < 2 n 1: Put Dm :=
KnTnmKtn  K; then (KnDm)  Pnm (Ktn) < 2 m; so (Dm) > 0
provided 2 m < (K): Now choose compact Cm  Dm; with (DmnCm) <
2 m: So (KnCm) < 21 m: Also Cm\Cmtn = ;; for each n  m; as Cm  K;
but tn ! 1G; so the compact set C 1m Cm contains no interior points. Hence,
by Baires theorem, neither does C 1C; since C =
S
mCm; which di¤ers from
K by a null set. 
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Proposition 7. A (regular) Borel measure  on a locally compact metric
topological group G has the Steinhaus-Weil property i¤ either
(i) for each K 2 K+(); the map mK : t! (Kt) is subcontinuous at 1G;
or
(ii) for each K 2 K+(), there is no sequence tn ! 1G with (Ktn)! 0:
Remark. This is immediate from Prop. 6 (cf. [Mos]).
We now prove a strengthening of the Subcontinuity Theorem obtained by
assuming a concentration property. That this property holds in a abelian
Polish group emerges from an inspection of Soleckis proof of his theorem
that an abelian Polish group is amenable at 1.
Denitions. Say that a null sequence t is regular if t is non-trivial, jjtkjj is
non-increasing, and
jjtkjj  r(k) := 1

[2k(k + 1)] (k 2 N):
For regular t, put k = k(t) := 2
k 2P
mk 2
 m(t 1m + tm) =
1
4
tk +
1
4
t 1k
+ 1
8
t 1k+1
+ :::: Then k(Br(k)) = 1 for k 2 N: Merging t 1 with t
by alternation of terms if necessary, it is now convenient to assume that t
contains as successive pairs inverses of its terms. So, if k  k, then
k :=
X
mk
akmt 1m ;
for some non-negative sequence ak := fakk;ak;k+1;ak;k+2; :::g of unit `1-norm.
Say that fakg has the coe¢ cient concentration property if for some index j
and some  > 0
ak;k+j   > 0 for all large k;
then say the measures fkg have the concentration property. (This will fail
if ak has ak;k+k = 1; which concentrates measure in an unbounded fashion.)
Denition. Say that a group G is strongly amenable at 1 if G is amenable
at 1, and for each regular t a selective measure (t) exists with associated
measures k(t) k(t) having the concentration property.
Theorem 4 (Strong amenability at 1, after [Sol2, Prop. 3.3(i)]). Any
abelian Polish group G is strongly amenable at 1.
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Proof. This follows the construction in [Sol2] of the reference measure in
the case of k(t) above. First dene the normalized restriction
k := kjBr(k)

k(Br(k))
and then set
 := 1k=1k for k :=
1
k + 1
Xk
i=0
ik:
(Convolution powers intended here.) Then the argument in [Sol2] shows that
k  (K)! (K) (for K compact). However, as t is regular, k  k. But
akk = 1=2 (all k); so the measures k here have the concentration property.

Denitions (Sequence and measure symmetrization):
1. Merging t 1 with t by alternation of terms yields the regular sequence s =
(s1; s2; :::) := (t1; t
 1
1 ; t2; t
 1
2 ; :::); we term this the symmetrized sequence
of t. (It is symmetricin the sense only that jjs2k 1jj = jjs2kjj.)
2. For odd k; as (k(t) + k(t
 1))=2 is symmetric as a measure, taking
2k(s) = 2k 1(s) := (k(t) + k(t
 1))=2 in lieu of k(t) above yields each
k symmetric. So, in the abelian context of Theorem 4 above, the limiting
convolution  is a symmetric selective measure (t):
Remark. Performing the symmetrization of the Denition above gives in the
proof of Theorem 4 above that a2k 1;2k 1 = a2k 1;2k = a2k;2k = a2k;2k+1 = 1=4,
which presents simultaneous concentration along t and t 1:
We now re-run the proof of Theorem 1 with improved estimates to yield:
Theorem 1S (Strong Subcontinuity Theorem). For G a Polish group
that is strongly amenable at 1, if t is regular and  = (t) is a selective
measure then for K 2 K+()
(K) = lim
n
(Ktn) = 
t
 (K):
Likewise, passing to the symmetrized sequence of t as above and to a sym-
metric selective measure (t) with the simultaneous concentration property
(for t and t 1) corresponding to an abelian context:
(K) = lim
n
(tnK):
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Proof. Fix t and a corresponding selective measure (t) and its associated
sequence k, which as in Th. 4 has the concentration property. Write k :=P
mk akmt 1m ; as k has the concentration property, there are n0; j and
 > 0 with
akk+j   > 0 (k  n0):
Now x K compact with (K) > 0 and " > 0: Put
 := "

2

  1

> 0;
as   1: Then, by upper semicontinuity and by amenability at 1 (i.e.
k  (K)! (K)), there is n1 = n1(";K) > n0 with
(Ktk)  (K) +  and k  (K)  (K)   (k  n1):
So (by upper semicontinuity) for k  n1X
mk;m6=k+j
akm(Ktm) 
X
mk;m6=k+j
akm((K)+) = ((K)+)(1 akk+j):
Also (by amenability at 1) for k  n1
akk+j(Ktk+j)  (K)    
X
mk;m6=k+j
akm(Ktm)
 (K) +    2   ((K) + )(1  akk+j)
= akk+j(K)  (2  akk+j):
So for m = k + j > n1 + j
(Ktm) = (Ktk+j)  (K) 

2
akk+j
  1

 (K) 

2

  1

= (K) ":
As for the nal assertion concerning symmetrization, note that (tnK) =
(K 1t 1n )! (K 1) = (K); by symmetry of : 
We note an immediate corollary, needed in Part II §2.
Corollary 4. For G; t and  as in Th. 1 S above, and K;H 2 K+();  > 0:
if 0 <  < (K) and 0 < D < (H); then there is n with
BK; \BH;D  ftm : m  ng:
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Proof. Take " := minf(K) ; (H) Dg > 0: As K;H 2 K+(); there
is n such that jjtmjj <  for m  n and
(Ktm)  (K)  "  ; (Htm)  (H)  "  D (m  n): 
Postscript. We close with some personal reminiscences of Harry Miller,
to whose memory this paper is dedicated. Harry met his Bosnian wife-
to-be Nasa Tanovi´c when they were both at graduate school in the US.
He followed her for love to Sarajevo, where they spent their careers, raised
their two daughters, and endured the Siege of Sarajevo (5 April 1992 - 29
February 1996). The rst author (Nick) met Harry at the conference on
regular variation held in Kupari (then Yugoslavia, now Croatia) in 1988.
Nick has happy memories of meeting Nasa, and seeing the family (two young
girls) happily playing on the Adriatic beach. Both authors recall [BinO4]
being inspired by Harrys paper [Mil]. Contacts were made and renewed.
Nick visited Harry in Sarajevo twice, speaking at conferences there in 2013
and 2017. Adam collaborated with Harry twice, in [MilO] and (with Harrys
daughter Lejla) in [MilMO]. Harry visited us in London in 2010, and spoke
by Skype in the conference we organised in London in 2017. His death hit
us both hard. As it happened, he died (peacefully in his sleep) just after the
text of [MilMO] was nalised.
Harry Miller was a fascinating man, a friend and collaborator, a scholar
and a gentleman. We miss him, and remember him fondly. His written
contributions are his lasting mathematical legacy, but it is for his personal
qualities, including his delightful sense of humour, that those lucky enough
to have known Harry will remember him best. We are delighted to have the
opportunity to contribute to this memorial issue, and thank the Editors for
their kind invitation to do so.
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